
'

IT-ntervalsearch-log.cn!) = Olnlogn) sorted by left endpoint
vi. left ≤ n < n - right

t.i.E.it

:*,

Sterling approx : n ! ≈ Fin /%)
"

[ recursively for grandchildren] left End
, rightEnd,Ieftr↑ght- , Max End(subtree )

01h) searchThis : oth)
If search goes left

& no interval
,g-bestwt.it ≤ 2 rotations ( ≤ Inode)n n

'

guaranteed no interval in right .
sorted reverse

If search goes right , guaranteed not in left .
selection -

- n
' ✓ ✗
-

insertion n n
'

n
'

✓ ✓
- if leaf

,
just remove

intervals
,

◦ ( k tog n) where K = result . size C)

merge
-

_ nlogn ✗ ✓

- if one child , swap w/ child & remove

9"""
""9" "

"
""9
" ✓ ×

- if two children
, swap w/ su

, . & remove
→ there exists a 01k +109") solution

but more complicated
n ✗ ✓

counting -
-

→ succ guaranteed to have ≤ 1 child

↓
# bits

radix - _
mn × ✓

≤ ◦ (h) rotations ( leaf to root) lorthogono.lt?angesearihing--
④

leafs store value
,lsuccessort-i-nding-i.HN sorted from left → right

"

④
if × not in tree,

search /"I
/ "
☒ ¥-7key = max / left leaf#

Bubble : biggest i sorted at end finds either pred or s"" .

☒ ☒ ¥7
Selection : smallest i sorted at front

But
,
if × is max

,
root will be returned .

Insertion : first i sorted (rest no change ) split node is highest node to < node.ua/ ≤ hi

merge : groups of 2
"
then 2

" " then unsorted RÑ :O /1) → ¢

Quick : t≤pT or FPTi>P] Rotations always have inversions 0 / K + login) → K is result - size "

* ◦ (n tog n) to build
1 : 9 ratio split still 0 /n tog n)

" = "" ""9""

Right rotation requires
left child

For 3- way partitioning
: left rotation requires right child 0 (n) space complexity

0 /n tog k )
tᵈnum of distinct keys IHeaT

[ "" " " " ' °] left - heavy : v. l.tn > v. r.tn 1 . Build a " - tree

F
right - heavy :

" l - h < v. r.tn
2. For each node,

build y- tree
slow for bubble

,

fast for insert ✓ unbalanced & left - heavy
☐ ( k + login) query

I. v. left balanced
, right

- rotate (v)
☐ In login) to buildIOrderstatisti.is/QuickSeIeition-

-
,. .. ,g, yg.g.g.my, ,gµ

. ,y,,,
gym , ,g , gpa , ,mµ,

,2D
Find 4th smallest in unsorted array . 3 . v. left right - heavy , left - rotate /v. left)

& right - rotate /v1 → cannot maintain balance

I. Pick random pivot
( other side similar)

2. Partition around pivot
3. Then pivot index is known . fminimu.in/Maximumloordinat-- (F)
4. Re curse on left or right |Tr → Strings & bits
if i < k or i > K respectively . If balanced for ZD :

◦ In) for random pivot - 9:10 split Search : ◦ f) Even : tn) = 1- (%) + OH

◦ In') worst case , only / elem removed space : 0 /nl) + overhead odd : TH = 2T /%) + 011)
each loop

→ possible to compress overall : T In) = 2T (
"/4) + °")

|T ÉÉ,É /unchain only if needed
)

Th = ◦ ( f.)
/(a,b)-tree&B-tr

number of -
B- tree = = ( b

,
2b) - tree

- insertion orders : n !
I. Every node has [ a,b] children

- shapes : v4
"

by Catalan
2. Root has ≥ 2 children

numbers
3 . All leaf at same level

n ! > 4
"

⇒ by PHP , order
of

4. Keys are sorted .

insertions do not result in 5. Bottom - up building

unique shape. 6 . # keys = # child
- I

height = Max level
of any vertex 01h) but h very small so ol

')

[null = - I , leaf = ° ]
*

☐☐☐
h:(109th , logan -11]

/DFII → use stack i://Dynamicorderstatist.TT
- Pre - order (n

,
I ,r) -

store weight of subtree
- In - order ( l , n ,r)

Time complexity not affected
- Post - order ( e ,r , n )

select & rank in 01h)
◦ (n)
,
every node

visited ≤ I .

IAugmentingdatastructureslpi.tl I'%;;:a]
-

→ use queue -

→ use properties that onlyRoot
,
adjacent, next level .

depend on subtree /subset
/Balanie.lt/eight-baIanced- +◦ update easily

Balanced ⇔ h --01109in) |⇒¥ Tln)=aT(n -b) + fln) , a > 0
,
b > 0
,

f- In / =0- In")
,
k ? °¥⇒n<i⇔ Ie;;;;;,Relati%_ case . " :◦- in" " ) -_ o-ln.HN

Alternate splitting " is> Z , " ' case a > 1 : f- (nka
"/b) = A /a

"/b. f- In))
Node v is height - balanced

1T¥: 01h) 1- In - 1) + OH 01^4 case act : + ( n
" ) = 0-1+14) )

⇔ / v. l.h-v.r.tn / ≤ I Tln - ' I +01109 ") ◦↳ "9 "
1- (1) + ◦ 4) ◦ ( tog n) T /Sn) -10 / login) 01109h)

T In - 1) to (n2) 01h3 )

Binary tree is height - balanced
: ° /" "% ")

2-1 (n - 1) + ◦ a) 012
" ) 2T /E) +0111 01M i&

,
÷ olnlogn)

exp { 3T (n - 1) +0111 013
") TIE) + OH °"

T /E) + 042) off
<⇒⇒ node is height - balanced 1 . findMedian ( points) based on "

2 , In - 1) + ◦ (n) ◦ (nzn) 2T /E) + OH ◦ " "9 "
2T /E) + 044 OH

2. Partition around median
1- (n - too ) + ◦(1) ◦ (Io) = OH 2-11;-) to /nlogn)

° / " "5h)

Height - balanced ⇒ balanced

3. Re curse with
next dimension

Balanced ⇒ height - balanced on both halves ( now children) 1- In)=aT(%) + flnl , a ≥ I , b > I ,fH=0- In"logPn)

nn ≥ I + hh - I + nh -2 case logba > K : D- (n"9b" )
nn ≥ 2mn -2

☒
left & right case Iogba =k : p > - I :O (n

"
/ ogP"

'
n) p= - I :& / n'

'

109109h)

nn ≥ 2h12 children p e
- l : D- In" /

case logback :p ≥ 0 : O-fnklog.ph)
nh ≤ €,

Zi = 2
"
- 2

poo : a- (n
" /

|Hashlhaining- c- uniform hashing assumption

Put all colliding items into a linkedlist .

/Insert : 011th)
unstable

,
then stable _

→ just insert at frontsort

but if there are duplicates ,

have to sacrifice either search/insert

⊖ / logn / Ioglogn) for n items
#[ proof beyond 920405

/searemo
Expected : 01h + E) = 01h)

worst : 01h + n)
µ,

/
.

. ... . .

Space
← bad for cache

heapify - - n ✓ × ☐ ← constantly allocate new memory

Total : 01m + n)
Invariants

Table size : 01m)

Linked list size :O /n)

|Tab
Optimal : m =D /n)
too small : too many collisions

too big : wasted space

IZDIn-DRange-eriesti.IE
◦ (mit math) : re compute hashes

constanft.si?enit~agoln)0lnI◦ In)

grow} doubling / ◦ in) ◦ ( n ) / ◦ µ,gg.ua, • µ, / , ,n, y ,,q, ,,
shrink halving oln) oln) ol') space

Optimal : half when I empty , double if full
→ amortised 041 insert & delete

|0penAddre _ find another bucket !
hash f1 returns SEQUENCE

stronger uniform hashing assumption
→ each n ! sequence same probability

for linear probing : cluster size of 0 /log n)

expected cost : ≤ ÷✗ ( d = In < 1) by GP

/insert/flashing) Dictionary is 0rdered_
n , ,,, → µ,, , →

. . .

n<m↓ fquadratibin
symbol table 0,1, 4,9, 16,25 , 36,49 , . . .

if empty
,
insert

If use array , need 2
"

slots
,
n=ma✗ bit length if deleted

,
overwrite

✗ < 0.5
,
m is prime

( bad ! )

IHashlollisi.sn# ¥%÷Ii / found or empty ⇒ can find empty slot

skip deleted

2 distinct keys k
,
& kz collide if hlk ,)=hlk ≥) Mt

Farkas deleted .

- always have collisions .

.

' U >> m by PHP

solutions ¥;¥¥!¥-+i×ga.) mod m
I. Choose new hash function (naive)
- will collide again if g.(k) relatively prime

to m
,
hlk, i ) is good -11

2. Chaining t.to?;.l..antiI..han:hinT-ITissome2DCx.n] table
3. Open addressing

hash
"
= T [ key [;)] [;)

/Probability← assuming equal chance

✗ ( i , ;) = {
' it item i in b" ""+ i |(a,,u⇒
0 otherwise

ftp.T?Fa+xd GP : :&
,

ar
"

P / ✗ Ii , ;) = = 1) = In
Sn : :-(2A + In - 1) d) sn : 9%

,

r
-to

F- ( ✗ Ii , it) = In = f- 19, + an) so = ÷ ,
/ r / < I converges

By linearity
of expectation,

for n items, 2- items/bucket nh > > n ! >> x
"

>> n
"
>> 5ns> login ⇒ login >> Ioglogn

+ In- 1) town ) 01nF )

Tlrn) to / Iogn) 0 / login)

IAmortised-hn-ay.io/22n+4ntt)=g/z2n2+4n)
Operation has amortised cost of 1- In)

*
h h if for every integer k ,

cost of k operations ≤ KT1N)



IGrap 8¥ IHeaI lprimsn-lgoritt.TT
[ simple ) path : set of edges connecting 2 nodes [ 1,2 , . . . ,n]

root : i left :2i É
parent:(2) right :3 : +1(no nodes repeated) I . S = { start}

cycle : path w/ Sri = : dest Full binary tree : every level is full

( full ⇒ complete) 12
"

array filled ) 2. add min distance ( " cut)

É { tree :
no cycle IE : " ' ) &

Complete
' '

: I
. every level except leaf is full

É forest : ≥ I disconnected trees 3. repeat 283
2. leaf node far left

sparse : F- = 04)
( array no gaps) each node add /extract once

dense : E --0-1 v2)
longest shortest path each edge decrease key
↓ E ≥v : connected

O1E log v)
if All pq;¥starᵈn%ᵈ"" 1ma×heap

'"" "↳

2 ↓ lkruska.IT/-
I. root ≥ children ( not nephew)

clique/complete graph n- I 1

2. complete binary tree 1. sort edges small → big
mine , ,,µ,:* , / , / n. ,

cycle ( even is bipartite) 2 For ¥ child ≤ " ◦+ ≤ P""t
2. iterate & add to result if no form cycle

even odd - largest always
" "

- terminate after V - l edges added
- 2nd largest always root 's

child
bipartite - n- I

_ use up to union / find if form cycle
- h = Llogn)

if / ! uf. -find / src, dest) ) {
result - addle) ;;÷:::::"

"" ""

adj.ua/;:!,ti:;a%femm::adifi;;- d- invariant """"" ii. unionism, dear,
slow }

- each added edge crosses a cut

ay, may, y ,,y / µ, µ, g. in ,, , in fa, ,eg, µ , ,a ,

F. OLE log v) : sorting > find/union
2. bubble up pointer or position O1E ✗ (E))

lextractmfax.io/Iogn)/GraphSearihingT- |B◦ruuT → parallelis able
I. swap root

& last elem

I. V connected components
2. remove last elem (the max)

BFS&D
3. bubble down 2 . repeat until I CC [ 040g V) iterations)

0 / ✓ + E) - list ( in general , raise priority too ,
extract Ma' )

I. for each CC
,
take min outgoing edge

◦ ( v2 ) - matrix

- parent edges form tree ( use deft of tree) lheap-i.TT : oln) 2. add them

3. merge these CC

can skip leaf

TopologicaI0rdering→onDA£- I. start w/ complete tree
↓ overall :O / [ log v)

2. iterate from last to first index
I. sequential total ordering

1 . if heap (only check
children)

, good
!

2. no bidirectional edge ( antisymmetric)fvarian-ts-ofMSTT-3.no
cycle 2. else bubble d°

pre - order DFS on tree = topo order .
all edges same weight

after i iterations, last i elem
are heap

→ run DFSIBFS /any ST is min)reversepost-orderD cost :& , log /¥, + 1) = n -1109 ? + ' '

OLE ) if connected
same as DFS

= n + log ≈ n + log ;Én by sterling = . . . = ◦ (n)
. all edkahrisalgorithm

repeat : |Union ← Binomial Tree is an application ofnil
.

S = { ✗ has no incoming edge / ✗ c- V }
Bn = root + Bo + Bit . . . + Bn- I = Bn- I + Bn. ,

2. add all in S to result

3. remove edges connected to ✗ c- S ¥;÷ connected ⇔ same id
4. remove all in S from V

find : ☐ (1)
out E)

union: 0 /n)

(NOT binary)|0triangIeinequalitT- lauick-un.TL £
into ] parent pointer → connected ⇔ same tree

81s, c) ≤ SIS, A) +81A, c) find :O (n)

union : 01h) } " =
" Possible ( BAD ! )

keep reducing estimate & estimate ≥ actual

lweighted-un.TT/Be1Iman.FT)-→
do this ✓ - l times

fait : queue - based - pick taller tree as new root

( can terminate early) variant exists ]
- h only increase when size doubles

after i iterations
,

i hop estimate on shortestpath is correct ! h= ollog.nl
tree of height K has size ≥ 2

"
→ use induction

◦ ( Eu) find / union : 0 / log n)

→ use log to avoid multiplication

IDijkstra.TT/ogLa,az . . . an) = log a , + toga, t
' '
'

proof of 7- of correct way to relax

I. find shortest path tree 109 /aa÷a) : - toga , -1 - toga, -1 .. .
if ° ' ✗ < I

,

- log × > 0
,
can Dijkstra

|Path↳mpr
2. relax tree edges in BFS _ set parent pointer

of

3. relax the other edges in any order every node to its
root

- do this only when

min pq
of nodes → relax all edges from u traversing up

find / union : 0110g n)
P2 insert delete M' Dijkstra [ first op is Un) )

V I |wu_p_ : very flat tree"T.EE/:::T.:::..An iogv logv IO9V 0IE /◦µ)
mop on n

items :

d-way 0 /F- log:< V) ◦ In + ma /min))
g.g. ,

/
, .gg , g, ,µ,,, , , , ,m, ,,

"almost linearE)
unfeigned BFS |M → for weighted, I directed graphs
no -ve cycle Bellman - Ford

St : acyclic subset of edges
that connect nodes

no -ve weight Dijkstra

DAG Topo - sort + relax 1. no cycles É,

longest DAG negate then SSSP _ ☐At
2. split MST → 2ms -1s

3. cycle property ( red )fstronglylonneitedcomponen.LT/ proof for every cycle, max edge
NOT in MST .

- by
contradiction/4 . cut property ( blue)V-v.int Scc , path exists from

for every cut , min edge IS in MST .

✓ → w & w → v.

Graph of multiple Scc is acyclic if sus tu c- V
,

min outgoing edge ⇒ in MST ( " cut )
re connected acyclic - ly .

→ divide & conquer no work unless along
median .

DAG has V Scc ( : single node is Scc)

/weights
-

He C- F-
,
CE1R

etc → shortest path CHANGE

e x c → shortest path SAME

sorted ⇒ heap , heap # sorted

- optimal substructure
→ can construct problem from smaller problems

- overlapping subproblems
→ differ from d&c

decrease Priority to edge weight
lrecipe.TL

. identify optimal substructure
2. define sub problems *

get min /max K out of n : ◦ In /◦9k) 3 . solve

4. done

|longestincreasingqnenT

prefixver.SI;) = max /all prev ) + I

042 )

-
bin search ver .

-ÉÉtÉng smallest tail of lengths a. n- I

- is non- decreasing
→ monotonic

AVL B5T I 2 log n for × in arr :
bin search for position to add in tails

return tails. size _ used

1
.
if +ve weight cycles → is÷::::÷÷-2. negate edge weights & Bellman - Ford

→ in ≤ K steps : graph ver o (KE -1kV)

I. model as DAG
← unweighted sssp

2. make K copies

( picks larger side ) 3. super node to every
✓ C- £ '

4. DAG - SS5P from super node

→ in = K steps : DP 0 /KV2)

Pfv, k ) = max prize at v
in = K steps

= max {PINK - 1) + weight /yw) / WE v. neighbour }

P[v, 01=0
( NOT unique )

%;:!;:;⇔a⇒
A

LCS / Ali) , Bli)) = Ali] :-. BE ]

? LCS/Ali - 1) , B (i
- i)) + I

: max / us /Ali - l ), Bci))
,

LLS / Ali ) , Bfi- l )))

B ge weights [ 1,10] lminvertexcove-ntrese.to-1 nodes that touch every edgekr
I. use array of size 10 to sort /linked list ) sfv, o ) : size of VC of subtree

,
if ✓ covered

Sfv, I] =
' '

,
if u not covered

2. 2nd part same

s( leaf, 0) :Osorting :O / E) (counting sort)

overall :O / ✗ IE1E )) sheaf
,
1) = I

←
all child covered

prime s[up) : sfw, 1) + slwz, ') + .. .

I. insert / remove from PQ :O (v)
said : I -1 max / Sfw, ,o) , SG , D) +

. . .

2. decreasekey :O (E)

overall : O1U-1EI = ◦ (E) → zv subproblems ON time

c. DAG w/ I root (w/ o incoming edges)

t.tv c- V
,
add min incoming edge
lmisc.TL
.
done

• : acyclic & V - ledge ⇒ tree
CANNOT find longest _ can combine in V if weight /u, v) :O
unless non - negative D. directed graph

Is after conversion NP-hard - k copies of G- for K states
0

|stuffabM
A. re - weighing edges is Ok

(adding / multiplying both 0K)

ÉÉ → only relative weights
matter

→ after pop d, afterwards always ≥d ↑
after jite.rs

, B. Must

j closest is negate edges
OR run Kruskal from big → smallcorrect

c. smallest max edge
I. get MST

[ first op is Vlog n ) ) 2 . BESIDES from It to B

( will contain answer)

IAPSPT-loyd-warsha~sfyw.is
] be shortest path from

✓ → w only passing through ✓ c- P

Po = { } P
,
= { I} . . . Pn = { 1,2 , . . ,n}

sfyw,Pi+ ,] = min / SL4W, Pi)
,

sfv, i -11 , Pi] + S / i -11 , w , Pi ) )

0(v3) better than naive Dijkstra / V3 log v ) when dense
÷ ✓ × Elogv↓ add 1

more ◦ (v2) space to store parent pointers to get path
edge ,
then remove

for K in nodes :
(not all)

7- in a MST ⇔ not max in any cycle for each pair of nodes :

use K as shortcut
• : suppose it is not Max in cycle,
can always avoid removing it


